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Abstract

This paper presents a systematic approach to determine temperature wall functions for high Rayleigh number flows using asymptot-
ics. An asymptotic analysis of the flow and heat transfer in the near wall region forms the basis for the development of the wall functions.
Appropriate normalization of the variables followed by asymptotic matching of the temperature gradients of the inner and outer layers in
the overlap region leads to a logarithmic temperature profile as a wall function that has undetermined constants. A key classification that
has been made in the present study is the introduction of (1) The direct problem and (2) The inverse problem. The former means that
temperature profiles, either from experiments or Direct Numerical Simulations (DNS), are available and the wall function problem
finally reduces to one of determining certain constants in a general wall function formula. More radical and of more interest, is the
inverse problem. The idea behind this it is that when a temperature profile can be recast into a Nusselt–Rayleigh correlation, it should
be perfectly possible for one to start from a Nusselt–Rayleigh correlation and end up with a wall function for temperature. This approach
again will have undetermined constants that can be calibrated from either experimental or DNS data. The main advantage of using the
inverse problem is the dispensation of the need to measure temperatures accurately within the boundary layer. For both the direct and
inverse problems, a graded treatment to determine the constants is presented. The treatment at its highest level will result in a parameter
estimation problem that can be posed as an optimization problem. The optimization problem is then solved by state of the art techniques
like Levenberg–Marquardt algorithm and Genetic algorithms (GA) and the solutions are compared. While for the direct problem, the
approach is illustrated for the infinite channel problem (a simple flow), for the inverse problem, the approach is elucidated for the Ray-
leigh–Bénard problem (a complex flow). Finally, a blending procedure to arrive at a universal temperature profile that is valid in the
viscous sublayer, buffer and the overlap layers is suggested. The key ideas of (1) using optimization techniques for determining the con-
stants in the wall function and (2) obtaining wall functions from the Nusselt numbers by the inverse approach are expected to be useful
for a wide class of problems involving natural convection.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Numerical solutions of turbulent flows, with and with-
out heat transfer, are required for many problems of prac-
tical interest. These flows may fall under the category of
natural, mixed or forced convection. Most CFD software
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employs algebraic wall function formulations that have
been developed, mostly, for forced convection flows, to
take care of the effects of the thin layer close to the wall,
in order to save computational time and effort. Otherwise,
the near wall mesh has to be extremely fine to resolve this
sublayer. Models that resolve the sublayer are known as
low Reynolds number models. On the other hand, models
that do not require resolution of the sublayer due to the
incorporation of wall functions are known as high Rey-
nolds number models or simply ‘‘standard” models. These
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Nomenclature

a; b; e; f ; g; h constants in the wall function
C constant of the overlap temperature profile

(Eq. (21))
D constant of the overlap temperature profile

(Eq. (21))
C1 asymptotic value of C

D1 asymptotic value of D

g acceleration due to gravity, 9.81 m/s2

gi residue, defined in Eq. (51)
h spacing of the vertical channel, m
H characteristic dimension, m
J Jacobian
Nu Nusselt number
p parameter vector (Eq. (52))
q correction to the parameter vector (Eq. (52))
qmol conduction heat flux, defined in Eq. (9), W/m2

qturb turbulent heat flux, defined in Eq. (9), W/m2

qw wall heat flux, defined in Eq. (10), W/m2

RaT turbulent Rayleigh number, gbT cH 3

am
Ra Rayleigh number, gbDT H 3=ma
S residual in Eq. (31)
Tc characteristic temperature, defined in Eq. (6)
TC cold wall temperature, K
TH hot wall temperature, K
T0 reference temperature, K
T time averaged temperature at any point, K
T 0 fluctuating component of temperature, K
u time averaged vertical velocity, m/s
u0 fluctuating component of vertical velocity, m/s

v time averaged horizontal velocity, m/s
v0 fluctuating component of horizontal velocity,

m/s
x vertical co-ordinate, m
y horizontal co-ordinate, m
y� dimensionless wall co-ordinate for the inner

layer, defined in Eq. (17)
ŷ intermediate dimensionless length scale,

y=ðH1�cdcÞ

Greek symbols

a thermal diffusivity, m2/s
b volumetric expansion coefficient, 1/K
c index used in the definition of ŷ
d inner layer thickness, defined in Eq. (17)
DT temperature difference, TH–TC, K
e dimensionless Rayleigh number, ðRa=ðRaþ

109ÞÞ0:1
g dimensionless wall distance, defined in Eq. (13)
H� dimensionless near wall temperature, defined in

Eq. (7)
k damping function
m kinematic viscosity, m2/s
P1, P2 dimensionless groups, defined in Eqs. (5) and

(16), respectively
P3 dimensionless group, ð¼ gÞ
v dimensionless Rayleigh number, Ra/1010

n dimensionless Rayleigh number, Ra/106
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models do not require fine grids near the wall and hence are
computationally efficient. Even so, there are attendant prob-
lems in situations where one encounters adverse pressure
gradients, buoyancy effects or massive suction/blowing.

In the ‘‘standard” models, the governing equations are
not solved in the near wall region and these regions are
bridged by ‘‘universal” near wall velocity and temperature
profiles, known as ‘‘wall functions”. Many of these schemes
are semi-empirical (see for example Patankar and Spalding
[1], Wolfstein [2], Chieng and Launder [3]) and can only be
applied to a limited class of problems. Furthermore, the
performance of the wall functions often worsens dramati-
cally if the first grid point is either too close to the wall
i.e. it lies within the sublayer or is too far away. Sometimes
wall functions are used ‘‘recklessly” and this has been poi-
gnantly brought out in the work of Craft et al. [4] where
the authors state the following ‘‘. . .It was seen as intolerable
that successive generations of CFD users should be forced
to adopt wholly inadequate wall function formulae as the
only alternative to a fine grid analysis . . .”. Craft et al. [5]
proposed improved wall functions by adopting a low Rey-
nolds number model of turbulence followed by one dimen-
sional integration. Craft et al. [4] used a simple analytical
approach to develop new wall functions. They demon-
strated the efficiency of the new wall functions to a few rep-
resentative problems that included mixed convection in a
vertical pipe, a ‘‘buoyancy affected” flow. Utyuzhnikov [6]
developed wall functions for simulating turbulent flows by
employing a method that allows the transfer of boundary
condition from a wall to some intermediate point.

Analyzing different approaches shows that the wall
functions, in general, have a ‘‘forced convection bias”.
For example, one does not have a ‘‘high Rayleigh number
model” for a pure natural convection problem. Satisfactory
wall treatments for natural convection are very few. Of the
very few studies, well known is the work of George and
Capp [7] that used asymptotic arguments and obtained a
power law for both the velocity and temperature profiles
in the near wall region for turbulent natural convection
flow over a vertical flat plate. However, because of inade-
quate data available at that time, these wall functions were
not extensively tested. Versteegh and Neuwstadt [8] and
Henkes and Hoogendoorn [9] tested these wall functions,
several years after they were developed and found that
the agreement with experimental data was not very satis-
factory. The work of Craft et al. [4] also is for a ‘‘buoyancy



3822 C. Balaji et al. / International Journal of Heat and Mass Transfer 50 (2007) 3820–3831
affected” flow and one does not know whether it can be
extended to the case of pure natural convection.

In consideration of the above reasons, we started out
with a goal of developing ‘‘exclusive” wall functions for
natural convection flows (with possible future extension
to mixed convection flows). This is based on an asymptotic
analysis of the near wall region with a procedure mirroring
what is normally done for deriving the logarithmic law of
the wall for forced convection. The end result is, in fact,
a logarithmic law of the wall for the temperature in the
near wall region and a more complex form for the velocity
profile that also includes logarithmic terms. The new wall
functions were subsequently tested extensively against
available DNS/experimental data. The results for vertical
surfaces are documented in Hölling and Herwig [10,11]
for Rayleigh—Bénard convection. In this paper, we take
this quest for a natural convection wall function to its log-
ical end by looking at the multifarious options and strate-
gies involved in getting the final form of the wall functions
along with the constants.

The process leads us to a special classification of the wall
function determination problem into two broad heads (1)
the direct problem, where the temperature and/or velocity
profiles are known and with these, the constants have to be
determined and (2) the inverse problem, where we invert a
Nusselt–Rayleigh correlation into a temperature wall func-
tion and then look at the various methods to determine the
constants. The determination of the constants is done in a
graded fashion starting from a simple ‘‘visual” or least
squares fit of the near wall profiles (2 constants) to a
sophisticated approach of determining the constants (4
constants now) using parameter estimation techniques. In
using the latter approach, the functional forms of the var-
iation of the constants with the Rayleigh number (Ra), con-
sequent upon the Ra not being asymptotically high enough,
are of a form that allows an asymptotic extrapolation to
Ra!1. Since buoyancy induces the shear, the tempera-
ture wall function is more important. Thus, we focus our
attention on only the temperature wall function. This, how-
ever, does not preclude an extension of the methods that
are proposed to be discussed in the ensuing sections to
determine velocity wall functions.
2. The analytical temperature wall function

The governing equations for fluid flow and heat transfer
in the near wall region of turbulent natural convection
flows can be reduced, by a standard scaling analysis, to

0¼ o

oy
m
ou
oy
� u0v0

� �
þgbðT �T 0Þ ð1Þ

0¼ o

oy
a
oT
oy
� v0T 0

� �
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w

¼ a
oT
oy
� v0T 0 ¼ const ð2Þ

Eq. (1) is the x-momentum (axial momentum) equation
and Eq. (2) is the thermal energy equation. The pressure
term in the momentum equation has been eliminated using
the y momentum equation. The coupling arises due to the
presence of a term involving buoyancy, and hence the
temperature, in the momentum equation. Also implied in
Eq. (1) is the Boussinesq approximation. The zeros appear-
ing on the left hand sides of Eqs. (1) and (2) denote that
the leading neglected terms in these equations are the
convection terms, whose order is small compared to the
terms retained in the equations, so long as one is close to
the wall.

From Eq. (2), it can be seen that the heat flux in the near
wall region has a molecular and a turbulent part and both
together are equal to aoT=oyjw, i.e., the total heat flux is
independent of the distance from the wall. Therefore, a
characteristic temperature Tc should be based on that
quantity. This also follows from the Buckingham’s Pi
theorem, recognizing that

T ¼ f y;H ; a; m; gb;
oT
oy

����
����
w

� �
ð3Þ

Here H is the characteristic length of the problem under
investigation. In Eq. (3), a and m are combined to just
one quantity am since for a certain fluid they are linked
by a fixed Prandtl number, Pr (see [12] for a discussion
on the effect of Prandtl number on temperature wall func-
tions). Eq. (3) has six variables including the temperature
and there are three basic dimensions in the problem:
Length, time and temperature with units, m, s and K.
Hence, there would be 6� 3 ¼ 3 dimensionless P groups.

Choosing am, gb and oT
oy

��� ���
w

as repeating variables the
three groups, we have

P1 ¼ P1 am; gb;
oT
oy

����
����
w

; T
� �

ð4Þ

Equating the powers of m, s and K on the left and right
hand sides leads to

P1 ¼
T

am
gb

oT
oy

��� ���3
w

� �1=4
ð5Þ

We now recognize that P1 is the dimensionless temperature
and hence the characteristic temperature Tc is given by

T c �
am
gb

oT
oy

����
����
3

w

 !1=4

ð6Þ

With this characteristic temperature, a new dimensionless
temperature H� is introduced as:

H� � T H � T
T c

ð7Þ

where TH is the hot plate temperature in the flow under
question, be it an infinite channel, cavity flow, Rayleigh–
Bénard flow or the flat plate boundary layer.
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Fig. 1. Two layer structure of the near wall region of high Rayleigh
number flows.
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The energy equation (Eq. (2)) can also be written as

qmol

qcp
þ qturb

qcp
¼ qw

qcp
ð8Þ

where qmol ¼ k
oT
oy

����
���� ð9Þ

qturb ¼ �m0T 0 ð10Þ

and qw ¼ k
oT
oy

����
����
w

ð11Þ

With Tc according to (6), qw

qcp
can be rewritten as

qw

qcp
¼ gba2T 4

c

m

� �1=3

ð12Þ

Eq. (12), thus, gives a scale for the wall heat flux. With H, a
scale for the wall distance can be found as

g � y
H

ð13Þ

Employing the scales for T , qw and y, Eq. (2) can be non-
dimensionalized as

1

gbT cH3

am

� �1=3

oHx

og
þ qþturb ¼ 1 ð14Þ

The term multiplying the dimensionless temperature gradi-
ent in the above equation is recognized as Ra�1=3

T where RaT

can be termed as the turbulent Rayleigh number analogous
to the turbulent Reynolds number ðReTÞ defined for turbu-
lent forced convection flows. Since our focus is on high
Rayleigh number flows, in the limit of RaT !1,
qþturb ¼ 1. This is valid everywhere in the flow except in
the region very close to the wall where qþturb ¼ 0. Hence,
for large Rayleigh number flows, the turbulent natural con-

vection flow has a two layer structure. This is characteristic
of singular perturbation problems. The flow consists of a
large outer layer where the molecular heat flux is negligible
compared to the turbulent heat flux and a thin inner layer

where both the heat fluxes are important (see [12] for a de-
tailed discussion on the two layer structure for forced
convection flows). The two layer structure can be seen in
Fig. 1.

The inner layer thickness is expected to be very small
compared to the length scale H of the problem and hence,
should not depend on H. In order to arrive at the inner wall
thickness, we again take recourse to the Pi theorem. Intro-
ducing the second dimensionless group, P2 as

P2 ¼ P2 am; gb;
oT
oy

����
����
w

; y
� �

ð15Þ

and by employing a procedure similar to the one that was
used for determining P1, we obtain P2 as

P2 ¼
y

am
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oT
oy

��� ���
w

� �1=4
ð16Þ
The denominator of the right hand side of Eq. (16) can be

written as am
gb

oT
oy

��� ���
w

� �1=4

¼ T c
oT
oy

��� ����1

w
so that P2 becomes the

dimensionless wall co-ordinate for the inner layer and we
call this as y�. This is given by

y� � y
T c

oT
oy

����
����
w

¼ y
d

ð17Þ

With d! 0 as RaT !1. Hence, the inner layer thickness
is indeed small (compared to H) and so our assumption,
that processes in the inner layer are independent of H, is
justified. The third dimensionless group P3 turns out to
be g.

A third dimensionless wall distance is now introduced
that is valid in the overlap layer between the inner and
outer layers. This intermediate variable, with y referred
to a length scale between H and d, is ŷ � y=ðH 1�cdcÞ with
0 6 c 6 1, i.e. g < ŷ < y�. Now, the temperature gradient
in the overlap layer (in terms of ŷÞ can be rewritten in terms
of y� and g. Then, for RaT !1 the overlap layer is
reached for y� ! 1 and g! 0, respectively. Thus, we get

oH�ðy�Þ
oŷ

¼ lim
y�!1

oH�ðy�Þ
oy�

oy�

oŷ
¼ lim

y�!1

H 1�cdc

d
oH�ðy�Þ
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ð18Þ
oH�ðgÞ
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og

og
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¼ lim

g!0

H 1�cdc

H
oH�ðgÞ

og
ð19Þ

Using Eqs. (13) and (17) and matching the gradients given
by Eqs. (18) and (19) in the overlap layer, we have

lim
y�!1

y�
oH�ðy�Þ

oy�
¼ lim

g!0
g
oH�ðgÞ

og
ð20Þ

This is fulfilled only if both sides of Eq. (20) are equal to a
constant C. This standard kind of matching is also used for
forced convection flows (cf. [13]). An integration of the left
hand side of Eq. (20) gives

H� ¼ C lnðy�Þ þ D ð21Þ
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With an additional ‘‘constant”D that in general will be a
function of Ra. If the Ra is not asymptotically high en-
ough, C will also be a function of Ra.

Hölling and Herwig [10] used a slightly different charac-

teristic temperature T c � a2

gb
oT
oy

��� ���3
w

� �1=4

for their wall func-

tion. For reasons already discussed, Tc according to Eq.
(6) is used here.

George and Capp [7] introduced different scales of the
inner and outer layer, which leads to a situation where
the matching of the gradients in the over lap layer, leads
to a dependence of the dimensionless temperature on
ðyxÞ�4=3. This upon integration leads to a 1/3 power law
for both the velocity and temperature. However, for fully
developed turbulent forced flow in a channel, recent high
precision measurements by Zanoun et al. [14], favor the
logarithmic law. Moreover, there is a forced convection
analogue to the logarithmic law (here too, there is a single
scale for temperature). Even so, it needs to be emphasized
that while DNS/experimental velocity and temperature
data can always be fitted to a power law, though not nec-
essarily a 1/3 power, this will at best be a ‘‘brute force”

fit. Continuing these arguments further, even for the forced
convection law of the wall, the 1/7 power law is an ‘‘empir-
ical best fit” to data that was available at that time and
cannot be derived from asymptotic arguments. While this
leads to simpler representations for transfer coefficients like
the skin friction coefficient and Stanton number, the fact
remains that a power law (at least for forced flows) is
empirical. So, there is no reason to assume or believe right
away that for turbulent natural convection a 1/3 power law
exists because one wants an ‘‘easy to use” correlation for
Nusselt number in the form, Nu ¼ aRa1=3 in the end.

A viscous sublayer exists very close to the wall as part of
the wall layer, as seen in Fig. 1. Here, the turbulent heat
flux is completely damped by the presence of the wall
ð�m0T 0 ¼ 0Þ. In view of this, the energy equation (Eq. (2))
reduces to

oT
oy
¼ oT

oy

����
����
w

ð22Þ

Eq. (22) can be integrated and we obtain the dimensionless
temperature profile as

H� ¼ y� ð23Þ
x

y

T0
T

TH

u

TC

Fig. 2. Turbulent natural convection from an infinite channel.
3. Determination of the constants – The direct problem

In the preceding section, a universal temperature profile
for the overlap layer was derived based on an asymptotic
analysis of the near wall region. This can be used as a wall
function in CFD codes. However, the constants in Eq. (21)
are, as yet, undetermined. The direct problem referred to
above, is the problem of determination of the constants
C and D, once we have H� vs y� from experimental or
DNS studies. At this juncture, it is instructive to mention
that (1) in general C and D are functions of Ra (based on
the actual temperature difference DT Þ and hence their
determination is not trivial and (2) considerable effort goes
into conversion of T vs y into H� vs y�. In what follows, a
graded approach to determine the constants is presented.
3.1. Level 1 treatment

This is the simplest method to determine the constants,
wherein an effect of Ra on the constants is ignored. In
order to demonstrate the method(s), a representative prob-
lem needs to be chosen. For the direct problem, we choose
the problem of turbulent natural convection from a differ-
entially heated vertical channel (see Fig. 2). This geometry
has been reasonably well studied and both DNS and exper-
imental results are available. For purposes of determining
the constants, we choose the study of Versteegh and Nie-
uwstadt [8]. In this work, investigations have been carried
out for four values of Ra (based on spacing h) namely
5.4 � 105, 8.2 � 105, 2 � 106 and 5 � 106. The temperature
versus y data was converted to H� vs y� and these are plot-
ted on a semi-log plot, as seen in Fig. 3. It is seen that the
data show some spread, thereby implicitly suggesting that
C and D have to be functions of Ra. Even so, in the level
1 treatment, this effect is ignored and using a ‘‘visual best”
or a more scientific least square best fit, C = 0.513 and
D = 1.81. The spread of the data around this line is clearly
seen in Fig. 3.
3.2. Level 2 treatment

Here, we recognize that C and D are functions of Ra.
We assume the following functional forms for C and D

C ¼ aþ b=n ð24Þ
and D ¼ eþ f =n where n ¼ Ra=106 ð25Þ

Basically, the introduction of n is done to ensure that some
terms in the temperature wall function expression do not
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become too large if Ra is directly used. A normalized Ra

will be smaller and will help us avoid numerical inaccura-
cies and instabilities in the parameter estimation process.
Substituting for C and D in the generic form of the overlap
temperature profile (Eq. (21)) leads to

Hx ¼ ða lnðy�Þ þ eÞ þ ð1=ðnÞðb lnðy�Þ þ f ÞÞ ð26Þ

It is clear that when Ra!1, 1=n! 0 and so

H� ¼ a lnðy�Þ þ e ð27Þ

Hence, a and e will be the asymptotic constants for the wall
function. The first two terms on the right hand side of Eq.
(26) constitute the asymptotic part of the temperature pro-
file and the last two terms constitute the Rayleigh number
dependent part. Determination of a, b, e and f can be done
by a ‘‘visual best” method. Here, H� vs y� are plotted for
various values of Ra and the constants C and D are first
evaluated for every value of Ra and then their functional
forms given in Eqs. (24) and (25) are made use of. Alterna-
tively, this can be done using a least square best fit for every
Ra, followed by the procedure discussed above. We now
look at the least square best fit method for the data of
[8]. The values of C and D for the various values of Ra

are given in Table 1. Using the values from this table in
Eq. (26), we obtain the final from of the temperature wall
function as:
Table 1
Direct problem – level 2 treatment for the infinite channel problem

S. No. Rayleigh number, Ra C D 1/n

1 5.4 � 105 0.677 1.527 1.852
2 8.2 � 105 0.604 1.604 1.219
3 2 � 106 0.5514 1.681 0.5
4 5 � 106 0.500 1.758 0.2
Hx¼ð0:488lnðy�Þþ1:767Þþð1=nÞð0:1009lnðy�Þ�0:1324Þ
ð28Þ

The asymptotic values of C and D for n!1, i.e. C1 and
D1 are 0.488 and 1.767, respectively.

The ‘‘visual best” approach, for the data of Versteegh
and Nieuwstadt [8], is discussed in [10] and the constants
a and e, as reported in [10] for a fluid with Pr = 0.7 (slightly
different from the values reported in the paper because of a
different definition of Tc are 0.465 and 2.06, respectively
and there is concordance in the values).

Hence, the truly asymptotic temperature profile for the
overlap layer is given by

H� ¼ 0:488y� þ 1:77 ð29Þ

It can be seen that the level 2 treatment gives values of the
constants that are different from those obtained from the
level 1 treatment, thereby confirming the effect of Ra on
the constants which is a consequence of the Rayleigh num-
bers not being ‘‘asymptotically high enough”. A parity plot
of H� (data) and H� (pred) with level 1 and 2 treatment
can be seen in Fig. 4. It is clear that the level 2 treatment
is markedly superior to the level 1 treatment, as expected.
3.3. Level 3 treatment

The general form of the overlap temperature profile with
the Rayleigh number dependence built in, as given in Eq.
(26) is

Hx ¼ ða lnðy�Þ þ eÞ þ ð1=nÞðb lnðy�Þ þ f Þ ð30Þ

A manual evaluation of the constants a, b, e and f, as was
done in the level 2 treatment, whether with a visual or a
least squares best fit, will become tedious if the data are
2.4

2.6

2.4 2.6 2.8 3.0 3.2 3.4 3.6 3.8

Θ x (data)

Fig. 4. Parity plot showing agreement of Hx (data) with Hx (pred) from a
level 2 treatment. Also, shown is Hx (pred) with level 1 treatment.
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available for several values of Ra and hence it would be
beneficial, if one can retrieve all the constants simulta-
neously, once Hx vs yx is available.

For doing the above, one needs to employ a parameter
estimation technique that will basically involve the minimi-
zation of a residual or cost function S. This can be defined
as

S ¼
Xn

i¼1

Hx
i ðdataÞ � ða ln yx

i þ eÞ þ 1

ni
ðb ln yx

i þ f Þ
� �	 
2

ð31Þ
The constants can be determined by a minimization of S

once we have (Hx
i ; yx

i ), ni for all i. Several techniques are
available to determine the constants. In this paper, we re-
strict our attention to the Levenberg–Marquardt algorithm
(LMA) and as a consistency check, one set of results are
also obtained by using Genetic Algorithms (GA) for pur-
poses of comparison.

3.3.1. Level 3 treatment with the Levenberg–Marquardt
algorithm (LMA)

The Levenberg–Marquardt algorithm provides a numer-
ical solution to the mathematical problem of minimizing a
sum of squares of several, general, non-linear functions
that depend on a common set of parameters like Eq.
(31), for example. The algorithm was first developed by
Levenberg [15] and later rediscovered by Marquardt [16].
It continues to be the mainstay of many in house codes
and most software packages that are currently available
for non-linear parameter estimation. Details of the algo-
rithm are provided in Appendix A.

For the problem under consideration, the commercially
available DATAFIT 8.1 [17] that works on LMA with
double precision was used. With the same data, as was used
for level 1 and level 2 treatments, the parameters a, b, e and
f were determined and the overlap temperature profile is

Hx ¼ ð0:487 lnðy�Þ þ 1:77Þ þ ð1=nÞð0:101 lnðy�Þ � 0:1328Þ
ð32Þ

Eq. (32) has a very high correlation coefficient of 99%,
which is to be expected in correlations based on numerical
data. We will return to this point when we consider the le-
vel 3 treatment for the inverse problem with experimental
data. The asymptotic constants, which are actually of more
interest to us, are 0.487 and 1.77, respectively and these are
very close to those obtained by the level 2 treatment (0.488
and 1.767), thus obviating the need to present another par-
ity plot.

In order to have more confidence in the LMA solutions,
a set of calculations was also done using another optimiza-
tion technique namely, Genetic Algorithms (GA). GA is a
multi-dimensional search technique that mimics the pro-
cess of evolution. It starts with an initial set of possible
solutions and using the principles of natural selection
improves upon these solutions. Every solution is replaced
by its binary equivalent of 0 and 1 and the better ones
are chosen to ‘‘reproduce”, followed by a random, cross-
over of bits from one solution to another. As a safeguard,
a low value of mutation (1/20) is generally used, i.e. arbi-
trarily a 0 is changed into 1 and vice versa, thus mirroring
the process of mutation in biology. Recently, GA is being
increasingly applied to problems of optimization in heat
transfer (see for example [18]). For the problem under con-
sideration, a freely available GA code [19] was used with
the following specifications:

Population size : 32 ðrefers to number of dataÞ
Number of parameters : 4

Probability of crossover : 0:5

Number of generations : 300 ðrefers to number of iterationsÞ

For the same data set that was used for the LMA, the
following results were obtained:

Hx ¼ ð0:488 lnðy�Þ þ 1:77Þ þ ð1=nÞð0:101 lnðy�Þ � 0:1328Þ
ð33Þ

The above results confirm that the optimization procedure
(LMA) adopted in this study for the determination of wall
functions is adequate. One can also use other techniques
like Artificial Neural Networks (ANN) and Bayesian infer-
ence that are known to work well for non-linear parameter
estimation. The choice of the technique may become more
important if data are available for several values of Ra

and/or there is lot of scatter in the data (to be expected
in experimental investigations).
3.4. Blending of the temperature profiles

From the available DNS or experimental data for the
temperature field (and also the velocity field) in the near
wall region, it is clear that while the linear temperature pro-
file H� ¼ y� holds good for y� 6 1, the logarithmic profile
holds for y� P 5. Hence, in the region 1 6 y� 6 5 that is
usually known as the buffer layer, the temperature profile
changes from linear to logarithmic. The temperature pro-
files in the sublayer and the overlap layer can be blended,
using a procedure outlined in Churchill and Usagi [20], in
order to obtain a single, composite expression for the tem-
perature profile that is uniformly valid in the inner, buffer
and the overlap layers.

Hx
blended ¼

1

Hx
linearn

þ 1

Hx
logn

 !�1=n

ð34Þ

The blending parameter, ‘‘n” can be determined by using a
non-linear analysis. Employing DATAFIT 8.1 with the
LMA and using the DNS data of [8] at the highest Ray-
leigh number, the above expression can be rewritten as

Hx
blended ¼

1

yxn þ
1

ð0:487 lnðyÞx þ 1:77Þn
� ��1=n

ð35Þ
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In the above expression, the constants used are those ob-
tained using the level 3 treatment with LMA. On applica-
tion of the non-linear parameter estimation (LMA), ‘‘n”

turns out to be 3.52 ± 0.08. Rounding this off as 3.5, we re-
write the above expression as

Hx ¼ 1

yx3:5 þ
1

ð0:487 lnðyÞx þ 1:77Þ3:5

 !�1=3:5

ð36Þ

Eq. (36) is valid for 0 6 yx
6 200 and will be particularly

useful when employed as a temperature wall function, as
it adequately addresses the concern of the CFD analyst
who has to otherwise ensure (with the standard wall func-
tions) that the first grid point is not in the buffer layer. The
blended profile poses no such restrictions. Fig. 5 shows the
excellent agreement between the Hx (data) and Hx

(blended). It is seen that apart from the agreement, the gen-
eral behavior of Hx with y� is also adequately captured by
the blending procedure. Thus, we just have one equation
(Eq. (36)) for the near wall temperature profile that is valid
all the way from the wall to the outer layer.
4. Determination of wall functions – the inverse problem

We now look at the inverse problem, where we obtain
the temperature wall function directly from the Nusselt
number (Nu) vs Rayleigh number (Ra) data. In order to
do this, first, the generic form of the overlap temperature
profile has to be converted into a Nu–Ra correlation. This
is best done though an example.

Consider the case of turbulent Rayleigh–Bénard convec-
tion between two infinitely wide horizontal plates. The bot-
tom plate is hot and isothermal at TH and the upper plate is
cold and isothermal at TC. For this case, there is no mean
flow. The first step is the assumption that the universal
temperature profile is approximately valid up to the middle
of the geometry (midplane). The validity of the overlap
temperature profile up to the middle is supported by sev-
eral studies, both experimental and DNS (cf. [10] and [11]).

At this location,

T ¼ ðT H þ T CÞ=2 ð37Þ
Therefore, the generic form of the overlap temperature
profile (Eq. (21)) becomes

DT
2T C
¼ C lnðH=2dÞ þ D ð38Þ

In the above equation, DT = TH � TC.
Substituting for d from Eq. (17), we have

DT
2T C
¼ C ln

H
2T c

oT
oy

����
����
w

� �
þ D ð39Þ

Now we define the Nusselt number, Nu as

Nu ¼ H
DT

oT
oy

����
����
w

ð40Þ

and the Rayleigh number, Ra as gbDT H 3=ma, where H is
the height of the cell and b is the cubic expansivity of the
medium. Using these definitions, and substituting for Tc

from Eq. (6), we get

Ra1=4

Nu3=4
¼ C

2
ln

1

16
RaNu

� �
þ 2D

� �
ð41Þ

This on rearrangement gives,

Nu ¼ Ra1=3

C
2

ln 1
16

RaNu
� �

þ 2D
� �4=3

ð42Þ

Eq. (42) can be directly used to obtain C and D (and thus
the wall function) once we have Nu vs Ra. This is the
‘‘inverse problem”. In what follows, we present a graded
treatment to determine the constants, an approach similar
(though not the same) to the one employed for the direct
problem.

4.1. Level 1 treatment

This treatment is analogous to the level 1 treatment for
the direct problem. For the Rayleigh–Bénard problem, we
use the experimental data of Nikolaenko et al. [21]. In this
study, high precision measurements were made in cylindri-
cal annuli with diameter to depth ratio ranging from 0.28
to 0.98. In order to avoid non-Boussinesq effects, we
choose data that correspond to DT 6 5 �C. This particular
study was chosen for two reasons: (1) it is very recent and
(2) if the inversion works for this problem, then it should
work for all Rayleigh–Bénard flows in plates, (infinite or
otherwise), cylinders and so on. The procedure is clearly
visible from the high resolution plot (Fig. 6) and the con-
stants turn out to be C = 0.127 and D = 3.294.

4.2. Level 2 treatment

The level 1 treatment discussed above gives a ‘‘first cut”
estimate of the constants. Nevertheless, it provides no
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information of the variation of the constants with Ra and
this is crucial if one were to determine the asymptotic val-
ues of the constants that are truly independent of Ra. In the
level 2 treatment, we subdivide the Ra range into 2–4 sub-
ranges, as deemed fit. For each of this sub-ranges, the con-
stants are evaluated using the procedure similar to the one
used for the level 1 treatment (Section 4.1). With this infor-
mation the constants are asymptotically extrapolated as
follows:

C ¼ g þ h=v ð43Þ
and D ¼ iþ j=v ð44Þ

where v = Ra/1010.
The values of C and D thus obtained using the data of

[21] are given in Table 2 (since the number of data is limited
to 33, the Ra range has been subdivided into two sub-
ranges).

Using the functional forms of C and D given by Eqs.
(43) and (44), respectively and the values seen in Table 2,
we have

C ¼ 0:1043þ 0:1584=v ð45Þ
and D ¼ 3:3911� 1:0479=v ð46Þ

These are very close to the values of the asymptotic con-
stants C1 ¼ 0:1 and D1 ¼ 3:43 determined in an earlier
Table 2
Inverse problem – level 2 treatment for the Rayleigh–Bénard convection
problem

S. No Median Rayleigh number, Ra C D 1/v

1 3.39 � 1010 0.151 3.082 0.295
2 2.05 � 1011 0.112 3.340 0.0488
study (cf. [11]). However, in the earlier work, a ‘‘visual
best” method for C and a least square best method for D

was used and this corresponds to the level 2 treatment of
the direct problem discussed. Besides Hx vs yx of several
investigators (DNS results) were used to arrive at the final
values of the constants. The excellent agreement serves to
validate one of the key features of this paper: Nu vs Ra data
can be converted to a temperature wall function.
4.3. Level 3 treatment

Here, we need to employ a slightly different strategy for
the evaluation of the constants. This is necessitated by the
narrow range of the dependent variable of the non-linear
estimation, namely ðRa1=3=NuÞ3=4. Typically, if Ra varies
by two decades, say 109 – 1011, this parameter for the Ray-
leigh–Bénard convection problem under question varies
from 7.9 to 8.4 (as seen by processing the data of [21]).
Hence, while attempting a parameter estimation to retrieve
the constants, care must be taken to ensure that C and D

are weak functions of Ra.
The general form of the Nu–Ra correlation that is usu-

ally reported in literature is the 1/3 or the 2/7 power for
Ra, multiplied by a constant. This could be thought of as
the primary effect. From an asymptotic analysis, we see
that this constant, or rather its reciprocal needs to be
replaced by a logarithmic term that involves two constants
C and D (as discussed earlier) and this is the secondary
effect. The final step of assigning functional forms to these
constants is to quantify the tertiary effect. In consideration
of the above reasons, the following forms are chosen for C

and D.
C = C1e and D = D1/e, where e ¼ ðRa=ðRaþ 109ÞÞ0:1.

Based on the above, the correlation for Nu becomes
7.9

8

7.9 8 8.1 8.2 8.3 8.4 8.5 8.6
(Ra 1/3/ Nu )3/4 (data)

Fig. 7. Parity plot showing agreement of Ra1=3

Nu

� �3=4

(data) with Ra1=3

Nu

� �3=4

(pred) in the level 3 treatment of the inverse problem.
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Nu ¼ Ra1=3

C1e
2

ln 1
16

RaNu
� �

þ 2D1=e
� �4=3

ð47Þ

This is rewritten as

Ra1=3

Nu

� �3=4

¼ C1e
2

ln
1

16
RaNu

� �
þ 2D1=e

� �
ð48Þ

The above is treated as a parameter estimation problem in
two independent variables ln 1

16
RaNu

� �
and e. The depen-

dent variable is the term seen in the left hand side of Eq.
(48). The parameters to be determined are C1 and D1.
Using the procedure outlined in Section 3.3 (with the
Levenberg–Marquardt algorithm) with the experimental
data of [21], C1 ¼ 0:105 and D1 ¼ 3:40. The correlation
coefficient is somewhat low at 76%. This, however, is to
be expected in view of the scatter in the experimental data.

Even so, Ra1=3

Nu

� �3=4

(data) and Ra1=3

Nu

� �3=4

(pred) agree to with-

in ±2%. This can be seen in the parity plot shown in Fig. 7.

The above overlap profile, together with a linear temper-
ature profile for the viscous sublayer, can be blended
(cf. Section 3.4) to obtain a composite expression for the
temperature profile that holds for the sublayer, buffer and
overlap layers.
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5. Discussion

In the preceding sections, a graded treatment was pre-
sented to determine the temperature wall functions for tur-
bulent natural convection flows. The concept of the direct
and the inverse problems was introduced and it is seen that,
even with Nu–Ra data, one can obtain the temperature wall
functions. The level 3 treatment, wherein the wall function
problem is posed as an optimization problem, will become
increasingly useful when DNS and/or experimental results
are available for several Rayleigh numbers. The most
important advantage of this treatment is that accurate
measurements of the temperatures within the boundary
layer will not be required to obtain wall functions for such
flows.

An asymptotic analysis of the near wall velocity field
will get us the wall functions for velocity in the near wall
region (cf. [10] which discusses a visual best method). The
graded treatment will be applicable here too.

As regards the inverse problem, the conversion of the
overlap temperature profile into a Nu–Ra correlation is
more involved for boundary layer flows and complex flows
like natural convection in a square cavity (cf. [22]). Even so,
the determination of wall functions for such flows is com-
pletely feasible within the asymptotic framework and the
real problem is the lack of reliable experimental or DNS
data for a benchmark problem, like the square cavity prob-
lem. By the same token, determination of velocity wall
functions using the inverse problem, may pose difficulties
in view of the problems associated with measuring the
shear stress accurately in such flows. However, DNS stud-
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ies should have no problems in this regard. Furthermore,
for complex flows like the turbulent Rayleigh–Bénard con-
vection, as of now, a velocity wall function is hard to find,
in view of the obvious difficulties associated with analyzing
such flows. Even so, preliminary investigations with a first
cut approach of using the wall functions for temperature,
developed for this problem using an asymptotic analysis
and standard wall functions for velocity seem to give
encouraging results for the Rayleigh–Bénard problem
(cf. [23]).

A bird’s eye view of the various treatments discussed in
this paper is presented in Table 3.
6. Conclusions

A rigorous analysis of the temperature field in the near
wall region of high Rayleigh number flows leads to a loga-
rithmic law for the overlap temperature profile. The con-
stants in this profile are to be calibrated with available
DNS/experimental data. In this study, we classified the
wall function problem into (i) the direct problem and (ii)
inverse problem. The latter involves the conversion of Nu

vs Ra data into a Nu–Ra correlation whose form mimics
the temperature wall function. The determination of con-
stants for both the direct and the inverse problems was dis-
cussed with three levels of treatment starting from the
simplest. The procedure was demonstrated for the problem
of turbulent natural convection from an infinite channel for
the direct problem and the Rayleigh–Bénard convection
for the inverse problem. The concept of blending was intro-
duced to obtain just one expression for the temperature
profile that is valid for the sublayer, buffer and overlap lay-
ers. The level 3 treatment proposed in this study is contem-
porary and brings in ideas from optimization into the area
of asymptotic analysis. This is expected to be useful in the
coming years, when we will, hopefully, have substantial
DNS/experimental data for turbulent natural convection
flows from several geometries.
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Appendix A. Levenberg–Marquardt algorithm (LMA)

In Section 3.3.1, a brief introduction to the above algo-
rithm was given. In what follows, the mathematical details
of the algorithm are presented.

Eq. (31) that involves the minimization of the residual
between the predicted values of temperature and data can
be rewritten as
SðpÞ ¼
Xn

i¼1

½giðpÞ�
2 ð49Þ

where p is the parameter vector given by

pT ¼ ða; b; e; f Þ ð50Þ
and

gi ¼ Hx ðdataÞ � a ln yx
i þ e

� �
þ 1

ni

ðb ln yx
i þ f Þ

� �	 

ð51Þ

Like other numerical minimization algorithms, the LMA is
an iterative technique. The minimization starts with an ini-
tial guess for the parameter vector, p. In every iteration, p is
replaced by a new estimate (p + q). This is done as follows:

gðp þ qÞ � gðpÞ þ Jq ð52Þ
where J is a matrix of partial derivatives of ða ln yx

i þ eÞþ
1
ni
ðb ln yx

i þ f Þ taken with respect to the parameters and is
known as the Jacobian. The derivatives in many problems
(including the present one) are numerically determined.

We seek a minimum for S and consequently r � S ¼ 0.
This leads to

ðJ TJÞq ¼ �J Tg ð53Þ

‘‘q” can be determined from the above equation by invert-
ing (JT J). The key to the LMA is to use a ‘‘damping” in
Eq. (53), given by

ðJ TJ þ kÞq ¼ �J Tg ð54Þ
where k is a non-negative damping factor and can be in-
creased or decreased depending on the reduction in S.
The iterations stop when S reduces to a predefined limit
(convergence criterion).
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[10] M. Hölling, H. Herwig, Asymptotic analysis of the near-wall region
of turbulent natural convection flows, J. Fluid Mech. 541 (2005) 383–
397.
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